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Abstract. In this paper, we consider a layer of a viscous incompressible electrically conducting fluid
interacting with the magnetic filed in a horizontally periodic setting. The upper boundary bounded
by a free boundary and below bounded by a flat rigid interface. We prove the global well-posedness
of the problem for both the case with and without surface tension. Moreover, we show that the
global solution decays to the equilibrium exponentially in the case with surface tension, however the
global solution decays to the equilibrium at an almost exponential rate in the case without surface
tension.
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1 Introduction
1.1. Formulation in Eulerian Coordinates
We consider the motion of an viscous incompressible electrically conducting fluid interacting with
the magnetic field in a 3D moving domain
Ω(t) = {y ∈ Σ×R| − 1 < y3 < η(y1, y2, t)}. (1.1)
We assume Ω(t) is horizontally periodic by setting Σ = (L1T) × (L2T) for T = R/Z the 1-torus
and L1, L2 > 0 periodicity lengths. The upper boundary {y3 = η(y1, y2, t)} is a free surface that
is the graph of the unknown function η : Σ × R+ → R. The dynamics of the fluid is described
by the velocity, the pressure and the magnetic field, which are given for each t ≥ 0 by u˜(t, ·) :
Ω(t) → R3, p˜(t, ·) : Ω(t) → R and B˜(t, ·) : Ω(t) → R3, respectively. For each t > 0, (u˜, p˜, B˜, η) is
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required to satisfy the following free boundary problem for the incompressible viscid and resistive
magnetohydrodynamic equations (MHD):
∂tu˜+ u˜ · ∇u˜− µ∆u˜+∇p˜ = B˜ · ∇B˜, in Ω(t)
divu˜ = 0, in Ω(t)
∂tB˜ + u˜ · ∇B˜ − κ∆B˜ = B˜ · ∇u, in Ω(t)
divB = 0 in Ω(t)
∂tη = u3 − u1∂y1η − u2∂y2η on{y3 = η(t, y1, y2)}
(p˜I − µD(u˜))ν = gην + σMν, B˜ = B¯ on{y3 = η(t, y1, y2)}
u˜ = 0, B˜ = B¯ on{y3 = −1}.
(1.2)
Here ν is the outward-pointing unit normal on {y3 = η}, B¯ is the constant magnetic field in the
outside of the fluid. µ > 0, κ > 0 are the kinematic viscosity and magnetic diffusion coefficient,
respectively. The first four equations in (1.2) are the usual viscous incompressible MHD equations.
The fifth equation implies that the free surface is advected with the fluid. The sixth equation is
the balance of the stress on the free surface, where I is the 3 × 3 identity matrix, and (Du˜)ij =
∂iu˜j + ∂j u˜i is the symmetric gradient of u˜. The tensor (p˜I − µD(u˜)) is known as the viscous stress
tensor, g is the strength of gravity. M is the mean curvature of the free surface and is given by
M = ∂i(∂iη/
√
1 + |Dη|2). Note that, in (1.2), we have shifted the gravitational forcing to the free
boundary and eliminated the constant atmospheric pressure, Patm, the magnetic pressure |B˜|2/2
and the constant outside magnetic pressure |B¯|2/2, in the usual way by adjusting the actual pressure
p¯ according to
p˜ = p¯+ gy3 − Patm + |B˜|2/2− |B¯|2/2. (1.3)
To complete the statement of the problem, we assume the problem satisfies the following initial
conditions.
η(0) = η0, u˜(0) = u0, B˜(0) = B0, (1.4)
furthermore, we will assume η0 > −1, which means at the initial time the boundary do not intersect
with each other.
In the global well-posedness theory of the problem (1.2), we suppose that the initial surface
function satisfies the following “zero average” condition
1
L1L2
∫
Σ
η0 = 0. (1.5)
Notice that for sufficiently regular solutions to the periodic problem, the condition (1.5) persists in
time, indeed, according to ∂tη = u˜ · ν
√
1 + (∂y1η)
2 + (∂y2η)
2,
d
dt
∫
Σ
η =
∫
Σ
∂tη =
∫
{y3=η(t,y1,y2)}
u˜ · ν =
∫
Ω(t)
divu˜ = 0, (1.6)
which allows us to apply Poincare´’s inequalities on Σ for η for all t ≥ 0.
1.2. Formulation in flattening coordinates
TheMoving free boundary and the subsequent change of the domain generate plentiful mathematical
difficulties. To overcome these, as usual, we will use a coordinate transformation to flatten the
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free surface. Here we will not use a Lagrangian coordinate transformation, but rather a flatting
transformation introduced by Beale [2]. To this end, we consider the fixed equilibrium domain
Ω := {x ∈ Σ× R| − 1 < x3 < 0}, (1.7)
for which we will write the coordinates as x ∈ Ω. We will think of Σ as the upper boundary of Ω,
and we will write Σ−1 := {x3 = −1} for the lower boundary. We continue to view η as a function
on Σ×R+. We then define
η¯ := Pη = harmonic extension of η into the lower half space,
where Pη is defined by (6.1). The harmonic extension η¯ allows us to flatten the coordinate domain
via the mapping
Ω ∋ x 7→ (x1, x2, x3 + η¯(x, t)(1 + x3)) := Φ(x, t) = (y1, y2, y3) ∈ Ω(t), (1.8)
Note that Φ(Σ, t) = {y3 = η(y1, y2, t)} and Φ(·, t)|Σ−1 = IdΣ−1 , i.e. Φ maps Σ to the free surface
and keeps the lower surface fixed. We have
∇Φ =
 1 0 00 1 0
A B J
 and A := (∇Φ−1)T =
 1 0 −AK0 1 −BK
0 0 K
 (1.9)
for
A = ∂1η¯b˜, B = ∂2η¯b˜, b˜ = (1 + x3) (1.10)
J = 1 + η¯ + ∂3η¯b˜, K = J
−1. (1.11)
Here J = det(∇Φ) is the Jacobian of the coordinate transformation. If η is sufficiently small in
an appropriate Sobolev space, then the mapping is a diffeomorphism. It allows us to transform
the problem to one on the fixed spatial domain. Note that the following useful relation will be
frequently used throughout this paper:
∂k(JAjk) = 0. (1.12)
Without loss of generality, we will assume that µ = g = κ = 1. Indeed, a standard scaling argument
allows us to scale so that µ = g = κ = 1. Furthermore, we define the transformed quantities as
u(t, x) := u˜(t,Φ(t, x)), p(t, x) := p˜(t,Φ(t, x)), b(t, x) := B˜(t,Φ(t, x)) − B¯.
In the new coordinates, (1.2) can be written as
∂tu− ∂tη¯b˜K∂3u+ u · ∇Au−∆Au+∇Ap = (b+ B¯) · ∇Ab, in Ω
divAu = 0, in Ω
∂tb− ∂tη¯b˜K∂3b+ u · ∇Ab−∆Ab = (b+ B¯) · ∇Au, in Ω
divAb = 0, in Ω
(pI − DAu)N = ηN + σMN , b = 0 on Σ,
∂tη + u1∂1η + u2∂2η = u3, on Σ
u = 0, b = 0, on Σ−1
u(x, 0) = u0(x), b(x, 0) = b0(x), η(x1, x2, 0) = η0(x1, x2).
(1.13)
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Here we have written the differential operators ∇A, divA, and ∆A with their actions given by
(∇Af)i := Aij∂jf , divAX = Aij∂jXi, and ∆Af = divA∇Af for approximate f and X; for u · ∇Au
we mean (u · ∇Au)i := ujAjk∂kui. We have also written (DAu)ij = Aik∂kuj + Ajk∂kui. Also,
N := −∂1ηe1 − ∂2ηe2 + e3 denotes the non-unit normal on Σ.
1.3. Related works
The problem of free boundary in fluid mechanics has been deeply studied in the field of mathematics,
and there are a huge number of impressive results. Here, we only introduce briefly some works related
to our problem.
When B = 0 in model (1.2), it reduces to the well known viscous surface wave problem. The
reduced problem without surface tension was studied firstly by Beale [2], in which the local well-
posedness in the Sobolev spaces had been proved. And Sylvester studied the global well-posedness
by using Beale’s method in [16]. For the periodic case, Hataya [9] proved the global existence of small
solutions with an algebraic decay rate. In [6–8], Guo and Tice used a new two-tier energy method to
proved the local well-posedness, the global solution decay to the equilibrium at an algebraic decay
rate in the non-periodic case and decay to equilibrium at an almost exponential rate in the periodic
case, respectively. For the case with surface tension, the global well-posedness was proved in the
Sobolev spaces by Beale [3], and Bae [1] the globle solvability in Sobolev spaces via the energy
method. Beale et.al [4] and Nishida et.al [13] proved that the global solution obtained in [3] decays
at an optimal algebraic rate in the non-periodic case and decays at an exponential decay rate in the
periodic case, respectively. Tani [18] and Tani et.al [19] considered the solvability of the problem
with or without surface tension under the Beale-Solonnikov’s function framework. Furthermore, in
[17] Tan and Wang proved the zero surface tension limit within a local time interval and the global
one under the small initial data. Furthermore, in [10, 20, 21] Tice et.al. researched the effect of the
more general surface tension on the decay rate for the viscous surface waves problem.
Correspondingly, for the case B 6= 0, namely, the free boundary problem for the viscous MHD
equations, there are only a few results. The local-well posedness for the viscous MHD equations
in a bounded variable domain with surface tension was proved by Padula et.al. in [14], and the
small initial data global solvability for the same model was obtained by Solonnikov et.al. in [15].
In [11], Lee used the method developed by Masmoudi [12] to derive the vanishing viscosity limit
with surface tension under the initial magnetic field is zero on the free boundary and in vacuum.
Recently, for the model (1.2), Wang and Xin [22] studied the 2D case with µ = 0 and σ > 0, and
they proved the global solution decays to the equilibrium at an almost exponentially decay rate, in
which they use the structure of the equations sufficiently to find a damping structure for the fluid
vorticity which plays an important role to close the energies estimates.
Motivated by these articles mentioned above, in this paper, we focus on the free boundary
problem for the incompressible viscous and resistive MHD equations both the case with and without
surface tension, in which we mainly discuss the effect of surface tension on the decay rate of system
(1.2).
In this paper, for the case without surface tension, we mainly use the method mentioned in [20]
to overcome the lack of regularity for η. However, we have not use the structure divAu = 0 to
write ∂3u3 = −(∂2u1+∂2u2)+G2 to improve the full dissipation estimates of u, where G2 are some
quadratic nonlinearities. Here, we use a much more simple method used in [17] to obtain the full
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dissipation estimates for u and p, in which they had a crucial observation that they can get higher
regularity estimates of u on the boundary Σ only from the horizontal dissipation estimates.
1.4. Some definitions and notations
Now, we state some definitions and notations that will be used throughout this paper. The Einstein
convention of summing over repeated indices for vector and tensor operations. In this paper,
C > 0 will denote a generic constant that can depend on N and Ω, but does not depend on the
initial data and time. We refer to such constants as “universal”, which are allowed to change from
line to line. We use the notation A . B to mean that A ≤ CB where C > 0 is a universal
constant. We will use N1+m = {α = (α0, α1, · · · , αm)} to emphasize that the 0-index term is
related to temporal derivatives. For α ∈ N1+m we write ∂α = ∂α0t ∂α11 · · · ∂αmm . For just spatial
derivatives we write Nm, namely α0 = 0. We define the parabolic counting of such multi-indices
by writing |α| = 2α0 + α1 + · · · + αm. We will write Df for the horizontal gradient of f , that is,
Df = ∂1fe1 + ∂2fe2, while ∇f will denote the usual full gradient.
We write Hk(Ω) with k ≥ 0 and Hs(Σ) with s ∈ R for the usual Sobolev spaces, and we will
denote H0 = L2. In this paper, for simplicity, we will avoid writing Hk(Ω) or Hs(Σ) and write only
‖ · ‖k. When we write ‖∂jt u‖k, it means that the space is Hk(Ω) and when we write ‖∂jt η‖k, it will
means that the space is Hk(Σ).
For a given norm ‖ · ‖ and integers k,m ≥ 0, we introduce the following notation for sums of
spatial derivatives:
‖Dkmf‖2 :=
∑
α∈N2,m≤|α|≤k
‖∂αf‖2 and ‖∇kmf‖2 :=
∑
α∈N3,m≤|α|≤k
‖∂αf‖2 (1.14)
The convention we adopt in this notation is that D refers to only horizontal spatial derivatives,
while ∇ refers to full spatial derivatives. For space-time derivatives we add bars to our notation:
‖D¯kmf‖2 :=
∑
α∈N1+2,m≤|α|≤k
‖∂αf‖2 and ‖∇¯kmf‖2 :=
∑
α∈N1+3,m≤|α|≤k
‖∂αf‖2 (1.15)
When k = m ≥ 0, we denote
‖Dkf‖2 = ‖Dkkf‖2, ‖∇kf‖2 = ‖∇kkf‖2,
‖D¯kf‖2 = ‖D¯kkf‖2, ‖∇¯kf‖2 = ‖∇¯kkf‖2.
(1.16)
The rest of this paper unfolds as follows. In section 2, we first define the energies and dissipations,
and then state our main results. In section 3 we prove some preliminary lemmas that we will use
in our a priori estimates. In section 4, we complete the a priori estimates for the case σ > 0. In
section 5, we closed the a priori estimates for the case σ = 0.
2 Main Results
We first state the result for (1.13) in the case σ > 0. Firstly, we define some energy functions in
this case. We define the energy as
E :=‖u‖22 + ‖∂tu‖20 + ‖b‖22 + ‖∂tb‖0 + ‖p‖21 + ‖η‖23
+ ‖∂tη‖23/2 + ‖∂2t η‖2−1/2,
(2.1)
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and define the dissipation as
D :=‖u‖23 + ‖∂tu‖21 + ‖b‖23 + ‖∂tb‖1 + ‖p‖22 + ‖η‖27/2
+ ‖∂tη‖25/2 + ‖∂2t η‖21/2.
(2.2)
In the case σ > 0, the global well-posedness result is stated as follows.
Theorem 2.1. For σ > 0, we assume that the initial datum u0 ∈ H2(Ω), η0 ∈ H3(Σ), b0 ∈ H2(Ω)
and satisfy some appropriate compatibility conditions as well as the zero-average condition (1.5).
Then there exists a universal constant κ > 0 such that, if
‖u0‖22 + ‖η0‖23 + ‖b0‖22 ≤ κ,
then, for all t ≥ 0, there exists a unique strong solution (u, p, η, b) to (1.13) satisfying the estimate
eλtE(t) +
∫ t
0
D(s)ds . E(0). (2.3)
Remark 2.1. Since η is such that the mapping Φ(·, t), defined by (1.8), is a diffeomorphism for
each t ≥ 0, one may change coordinate to y ∈ Ω(t) to produce a global-in-time decaying solution to
(1.2).
Remark 2.2. Theorem 2.1 implies that E(t) . e−λt, which means that for σ > 0 the solution
returns to the stable state at an exponential decay rate.
We then state our results for (1.13) in the case σ = 0. And we first define some energy functionals
corresponding to this case. For a generic integer n ≥ 3, we define the energy as
En :=
n∑
j=0
(∥∥∥∂jt u∥∥∥2
2n−2j
+
∥∥∥∂jt b∥∥∥2
2n−2j
+
∥∥∥∂jt η∥∥∥2
2n−2j
)
+
n−1∑
j=0
∥∥∥∂jt p∥∥∥2
2n−2j−1
, (2.4)
and define the corresponding dissipation as
Dn :=
n∑
j=0
(∥∥∥∂jt u∥∥∥2
2n−2j+1
+
∥∥∥∂jt b∥∥∥2
2n−2j+1
)
+
n−1∑
j=0
∥∥∥∂jt p∥∥∥2
2n−2j
+ ‖η‖22n−1/2 + ‖∂tη‖22n−1/2 +
n+1∑
j=2
∥∥∥∂jt η∥∥∥2
2n−2j+5/2
.
(2.5)
We write the high-order spatial derivatives of η as
F2N := ‖η‖24N+1/2. (2.6)
Finally, we define the total energy as
G2N (t) := sup
0≤r≤t
E2N (r) +
∫ t
0
D2N (r)dr + sup
0≤r≤t
(1 + r)4N−8EN+2(r) + sup
0≤r≤t
F2N (r)
(1 + r)
. (2.7)
Our main results state as follows.
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Theorem 2.2. For σ = 0, we assume that the initial data u0 ∈ H4N (Ω), b0 ∈ H4N (Ω) and
η0 ∈ H4N+1/2(Σ) satisfy some appropriate compatibility conditions as well as the zero-average
condition (1.5), where N ≥ 3. There exists a constant ε0 > 0 such that if
E2N (0) + F2N (0) ≤ ε0,
then, for all t ≥ 0, there exists a global unique solution (u, p, b, η) to (1.13) satisfying the estimate
G2N (t) . E2N (0) + F2N (0). (2.8)
Remark 2.3. Theorem 2.2 implies that EN+2(t) . (1 + t)−4N−8, which is integrable in time for
N ≥ 3. Since N may be taken to be arbitrarily large, this decay results can be regarded as an “almost
exponential” decay rate. Comparing the two different cases for σ, reveals that the surface tension
plays a important role for the decay rate.
Remark 2.4. We refe to [3, 6] for the local well-posedness of the system (1.13) for both the case
σ > 0 and σ = 0, respectively. Then, by a continuity argument, to prove Theorem 2.1 and Theorem
2.2 it suffices to derive the a priori estimates, namely, Theorem 4.6 and 5.12.
3 Preliminaries for a priori estimates
In this section, we will present some preliminary results and given the proofs respectively. We state
two forms of equations to (1.13) and describe the corresponding energy evolution structure.
3.1. Geometric Form
We now give a linear formation of the problem (1.13) in its geometric form. Assume that u, η, b
are known and that A, N , J, etc., are given in terms of η as usual. We then consider the linear
equation for (v, H, q, h) given by
∂tv − ∂tη¯b˜K∂3v + u · ∇Av + divA(qI − DAv) = (b+ B¯) · ∇AH + F 1, in Ω
divAv = F
2, in Ω
∂tH − ∂tη¯b˜K∂3H + u · ∇AH −∆AH = (b+ B¯) · ∇Av + F 3, in Ω
(qI −DAv)N = (h− σ∆⋆h)N + F 4, H = 0, on Σ
∂th− v · N = F 5, on Σ
v = 0, H = 0, on Σ−1,
(3.1)
where ∆⋆ = ∂
2
x1 + ∂
2
x2 .
Lemma 3.1. Let u and η be given and solve (1.13). If (v,H, q, h) solve (3.1) then
d
dt
(∫
Ω
|v|2
2
J +
∫
Ω
|H|2
2
J +
∫
Σ
|h|2
2
+ σ
∫
Σ
|Dh|2
2
)
+
∫
Ω
|DAv|2
2
J +
∫
Ω
|∇AH|2J
=
∫
Ω
(v · F 1 + qF 2 + v · F 3)J −
∫
Σ
v · F 4 +
∫
Σ
(h− σ∆⋆h)F 5,
(3.2)
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Proof. We take the inner product of the first equation in (3.1) with Jv and the third equation with
JH, then integrate over Ω to find that
I1 + I2 + I3 + I4 = I5,
where
I1 =
∫
Ω
(∂tviJvi − ∂tη¯b˜∂3vivi + ujAjk∂kviJvi),
I2 =
∫
Ω
Aik∂kqJvi −
∫
Ω
Ajk∂k(Ajl∂lvi +Ail∂lvj)Jvi,
I3 =
∫
Ω
(∂tHiJHi − ∂tη¯b˜∂3HiHi + ujAjk∂kHiJHi)
−
∫
Ω
Ajk∂k(Ajl∂lHi)JHi,
I4 =
∫
Ω
(B¯j + bj)Ajk∂kHiJvi +
∫
Ω
(B¯j + bj)Ajk∂kviJHi,
I5 =
∫
Ω
F 1i Jvi +
∫
Ω
F 3i JHi.
(3.3)
Integrating by parts and using (1.12), one has
I1 =∂t
∫
Ω
|v|2J
2
−
∫
Ω
|v|2∂tJ
2
−
∫
Ω
∂tη¯b˜∂3
|v|2
2
+
∫
Ω
uj∂k(JAjk |v|
2
2
)
=∂t
∫
Ω
|v|2J
2
−
∫
Ω
|v|2∂tJ
2
+
∫
Ω
|v|2
2
(∂tη¯ + b˜∂t∂3η¯)
−
∫
Ω
JAjk∂kuj |v|
2
2
− 1
2
∫
Σ
(∂tη|v|2 − ujJAjke3 · ek|v|2)
=∂t
∫
Ω
|v|2J
2
,
(3.4)
where according to (1.11), we know that ∂tJ = ∂tη¯ + b˜∂t∂3η¯ and JAjke3 · ek = Nj on Σ, then use
the condition ∂η = u · N . Similarly, an integration by parts reveals that
I2 = −
∫
Ω
Ajk(qI − DAv)ijJ∂kvi +
∫
Σ
JAj3(qI − DAv)ijvi
=
∫
Ω
(−qAik∂kviJ + J |DAv|
2
2
) +
∫
Σ
(qI − DAv)ijNjvi
=
∫
Ω
(−qJF 2 + J |DAv|
2
2
) +
∫
Σ
(h− σ∆⋆h)N · v + F 4 · v
=
∫
Ω
(−qJF 2 + J |DAv|
2
2
) +
∫
Σ
(h− σ∆⋆h)(∂th− F 5) + F 4 · v
=
∫
Ω
(−qJF 2 + J |DAv|
2
2
) + ∂t
∫
Σ
(
|h|2
2
+ σ|Dh|2)
+
∫
Σ
v · F 4 −
∫
Σ
(h− σ∆⋆h) · F 5.
(3.5)
8
Decay rates for the viscous incompressible MHD with and without surface tension
By using H = 0 on ∂Ω, divAu = 0 and (1.12), one has
I3 =∂t
∫
Ω
|H|2J
2
−
∫
Ω
|H|2∂tJ
2
+
∫
Ω
(∂tη¯ + ∂3∂tη¯b˜)
|H|2
2
−
∫
Ω
JAjk∂kuj +
∫
Ω
J |∇AH|2
=∂t
∫
Ω
|H|2J
2
+
∫
Ω
J |∇AH|2,
(3.6)
and, similarly, by using H = 0 on ∂Ω, divAb = 0 and (1.12), we deduce
I4 =
∫
Ω
(B¯j + bj)JAjk∂k(Hivi) = −
∫
Ω
JAjk∂kbjHivi = 0. (3.7)
Then, (3.2) follows from the estimates of I1, I2, I3 and I4.
3.2. Perturbed Linear Form
In many parts of this paper we will apply the PDE in a different formulation, which looks like a
perturbation of the linearized problem. The utility of this form of the equations lies in the fact that
the linear operator have constant coefficients. The equations in this form are
∂tu+∇p−∆u = G1, in Ω
divu = G2, in Ω
∂tb−∆b = G3, in Ω
(pI − Du)e3 = (η − σ∆⋆η)e3 +G4, b = 0, on Σ
∂tη − u3 = G5, on Σ
u = 0, b = 0, on Σ−1.
(3.8)
Here we have written the nonlinear terms Gi for i = 1, ..., 5 as follows. We write G1,l := Σ5l=1G
1,l,
for
G1,1i :=(δij −Aij)∂jp, G1,2i := ∂tη¯b˜K∂3ui,
G1,3i :=− ujAjk∂kui + (bj + B¯j)Ajk∂kbi,
G1,4i :=[K
2(1 +A2 +B2)− 1]∂33ui − 2AK∂13ui − 2BK∂23ui,
G1,5i :=[−K3(1 +A2 +B2)∂3J +AK2(∂1J + ∂3A)]∂3ui
+ [BK2(∂2J + ∂3B)−K(∂1A+ ∂2B)]∂3ui,
(3.9)
G2 is the function
G2 := AK∂3u1 +BK∂3u2 + (1−K)∂3u3, (3.10)
and G3 = G3,1 +G3,2 +G3,3 +G3,4, for
G3,1i :=∂tη¯b˜K∂3bi
G3,2i :=− ujAjk∂kbi + (bj + B¯j)Ajk∂kui,
G3,3i :=[K
2(1 +A2 +B2)− 1]∂33bi − 2AK∂13bi − 2BK∂23bi,
G3,4i :=[−K3(1 +A2 +B2)∂3J +AK2(∂1J + ∂3A)]∂3bi
+ [BK2(∂2J + ∂3B)−K(∂1A+ ∂2B)]∂3u1,
(3.11)
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G4 := ∂1η
 p− η − 2(∂1u1 −AK∂3u1)− ∂2u1 − ∂1u2 +BK∂3u1 +AK∂3u2
− ∂1u3 −K∂3u1 +AK∂3u3

+∂2η
 − ∂2u1 − ∂1u2 +BK∂3u1 +AK∂3u2p− η − 2(∂2u2 −BK∂3u2)
− ∂2u3 −K∂3u2 +BK∂3u3
+
 (K − 1)∂3u1 +AK∂3u3(K − 1)∂3u2 +BK∂3u3
2(K − 1)∂3u3

+σ(H −∆⋆η)N + σ∆⋆(N − e3), (3.12)
G5 = −Dη · u. (3.13)
Lemma 3.2. Suppose (v,H, q, h) solve
∂tv +∇q −∆v = Φ1, in Ω
divv = Φ2, in Ω
∂tH −∆H = Φ3, in Ω
(qI − Dv)e3 = (h− σ∆⋆h)e3 +Φ4, H = 0, on Σ
∂th− v3 = Φ5, on Σ
v = H = 0, on Σ−1.
(3.14)
Then
∂t
(∫
Ω
|v|2
2
+
∫
Ω
|H|2
2
+
∫
Σ
|h|2
2
+ σ
∫
Σ
|Dh|2
2
)
+
∫
Ω
|Dv|2
2
+
∫
Ω
|∇H|2
=
∫
Ω
v · (Φ1 −∇Φ2) +
∫
Ω
(qΦ2 +H · Φ3)−
∫
Σ
v · Φ4 +
∫
Σ
(h− σ∆⋆h)Φ5,
(3.15)
Proof. From the first and second equation in (3.14), we can rewrite the first one as
∂tv + div(qI −Dv) = Φ1 −∇Φ2. (3.16)
Taking the inner product of the (3.16) with v and the third equation in (3.14) with H, integrating
by parts over Ω and then adding the resulting equations together, one has
∂t
(∫
Ω
|v|2
2
+
∫
Ω
|H|2
2
+
∫
Σ
|h|2
2
+ σ
∫
Σ
|Dh|2
2
)
−
∫
Ω
qdivv +
∫
Ω
|Dv|2
2
+
∫
Σ
(qI − Dv)e3 · v +
∫
Ω
|∇H|2 =
∫
Ω
(Φ1 −∇Φ2) · v +
∫
Ω
Φ3 ·H.
Furthermore, we bring divv = Φ2, (qI − Dv)e3 = (h − σ∆⋆h)e3 + Φ4 and v3 = ∂th − Φ5 into the
above equation, then (3.15) follows.
3.3. Some useful estimates
Before having a priori estimates on the nonlinear terms, we give the useful L∞ estimates for removing
the appearance of J factors.
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Lemma 3.3. There exists a universal 0 < δ < 1 so that if ‖η‖25/2 ≤ δ, then we have the estimate
‖J − 1‖2L∞ + ‖A‖2L∞ + ‖B‖2L∞ ≤
1
2
, and ‖K‖2L∞ + ‖A‖2L∞ . 1, (3.17)
Proof. According to the definitions of A, B, J given in (1.10)-(1.11) and Lemma 6.1, we have that
‖J − 1‖2L∞ + ‖A‖2L∞ + ‖B‖2L∞ . ‖η¯‖23 . ‖η‖25/2. (3.18)
Then if δ is sufficiently small, (3.17) follows.
Furthermore, we provide an estimate for ∂nt A.
Lemma 3.4. For n = 2N or n = N + 2, we have∥∥∂n+1t J∥∥20 + ∥∥∂n+1t A∥∥20 . Dn. (3.19)
Proof. Since temporal derivatives commute with the Poisson integral, applying Lemma 6.1, we have∥∥∂m+1t η¯∥∥21 = ∥∥∂m+1t η¯∥∥20 + ∥∥∇∂m+1t η¯∥∥20 . ∥∥∂m+1t η∥∥21/2 , for m ≥ 0.
From the definition of Dn, we have∥∥∂n+1t η∥∥21/2 . Dn, for n = 2N or n = N + 2. (3.20)
Then, according to the definition of J, A, B and K, we have∥∥∂n+1t J∥∥20 + ∥∥∂n+1t A∥∥20 + ∥∥∂n+1t B∥∥20 + ∥∥∂n+1t K∥∥ . Dn, for n = 2N or n = N + 2.
Using the Sobolev embeddings we complete the proof of A since the components of A are either
unity, K, AK or BK.
4 For the case σ > 0
4.1. Nonlinear estimates
We will employ the form (3.1) to study the temporal derivative of solutions to (1.13). That is, we
employ ∂t to (1.13) and set (v,H, q, h) = (∂tu, ∂tb, ∂tp, ∂tη) satisfying (3.1) for certain terms F
i.
Below we record the form of these forcing terms F i, i = 1, 2, 3, 4, 5.
F 1i = ∂t(∂tηb˜K)∂3u− ∂t(ujAjk)∂kui − ∂tAik∂kp+ ∂tAjk∂k(Aim∂muj +Ajm∂mui)
+Ajk∂k(∂tAim∂muj + ∂tAjm∂mui) + ∂t((bj + B¯j)Ajk)∂kbi,
(4.1)
F 2i = −∂tAij∂jui, (4.2)
F 3 = ∂t(∂tηb˜K)∂3b− ∂t(ujAjk)∂kb+ ∂tAil∂lAim∂mb
+Ail∂l∂tAim∂mb+ ∂t((bj + B¯j)Ajk)∂kb,
(4.3)
F 4i = (Aik∂kuj +Ajk∂kui)∂tNj + (∂tAik∂kuj + ∂tAjk∂kui)Nj
+ (η − p)∂tNi − (σ∂tM − σ∂t∆⋆η)Ni − σM∂tNi,
(4.4)
F 5 = ∂tDη · u, (4.5)
Next, we will estimate the nonlinear terms F i for i = 1, ..., 6, which will be used principally to
estimates the interaction terms on the right side of (3.2).
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Lemma 4.1. Let F 1, ..., F 5 de defined in (4.1)-(4.5). let E and D be as defined in (2.1) and (2.2).
Suppose that E ≤ δ, where δ ∈ (0, 1) is the universal constant given in Lemma 3.3. Then,
‖F 1‖0 + ‖F 2‖0 + ‖F 3‖0 + ‖F 4‖0 + ‖F 5‖0 .
√
ED, (4.6)∣∣∣∣∫
Ω
p∂t(F
2J)
∣∣∣∣ . √ED, and ∣∣∣∣∫
Ω
pF 2J
∣∣∣∣ . E 32 . (4.7)
Proof. Throughout the lemmas we will employ Holder’s inequality, Sobolev embeddings, trace the-
ory, Lemma 3.3 and Lemma 6.1. Firstly, we give the estimates for F 1.
‖∂t(∂η¯b˜K)∂3u‖0 .‖∂2t η¯‖0‖K‖L∞‖∂3u‖L∞ + ‖∂tη¯‖L∞‖∂tη¯‖1‖∂3u‖L∞
.‖∂2t η‖−1/2‖u‖3 + ‖∂tη‖3/2‖∂tη‖1/2‖u‖3
.(
√
E + E)
√
D .
√
ED.
and the other terms of F 1 can be bounded in a similar way. Next, we control the second term F 2
as follows
‖F 2‖0 . ‖∂t∇η‖0‖∇u‖L∞ .
√
ED,
Similar to the F 1, F 2 term, whereas F 3, F 4, F 5 term can be handled as follows
‖F 3‖0 + ‖F 4‖0 + ‖F 5‖0 .
√
ED.
For the term involves in (4.7), we have∣∣∣∣∫
Ω
p(∂tJF
2 + J∂tF
2)
∣∣∣∣
.‖p‖L∞‖∂tη¯‖1‖F 2‖0 + ‖p‖L∞‖J‖L∞(‖u‖1‖∂2t η¯‖1 + ‖∂tη¯‖1‖∂tu‖1)
.‖p‖2‖∂tη‖1/2‖F 2‖0 + ‖p‖2(‖u‖1‖∂2t η‖1/2 + ‖∂tη‖1/2‖∂tu‖1)
.(ED +
√
ED) .
√
ED,
and ∣∣∣∣∫
Ω
pJF 2
∣∣∣∣ . ‖p‖L6‖∂t∇η¯‖L2‖∇u‖L3‖J‖L∞ . ‖p‖1‖u‖2‖∂tη‖1/2 . E3/2.
Then we complete the proof of this lemma.
Then, we turn our attention to the nonlinear terms Gi for i = 1, ..., 5, as defined in (3.9)-(3.16).
Lemma 4.2. Let G1, ..., G5 de defined in (3.9)-(3.16) and let E and D be as defined in (2.1) and
(2.2). Suppose that E ≤ δ, where δ ∈ (0, 1) is the universal constant given in Lemma 3.3, and that
D <∞. Then, ∥∥G1∥∥
1
+
∥∥G2∥∥
2
+
∥∥G3∥∥
1
+
∥∥G4∥∥
3/2
+
∥∥G5∥∥
5/2
+
∥∥∂tG5∥∥1/2 . √ED, (4.8)
and ∥∥G1∥∥
0
+
∥∥G2∥∥
1
+
∥∥G2∥∥
−1
+
∥∥G3∥∥
0
+
∥∥G4∥∥
1/2
+
∥∥G5∥∥
3/2
+
∥∥G5∥∥
−1/2
. E . (4.9)
Proof. Here the estimates of G1, ..., G5 similar as [[10], Theorem 4.3] , so we omit it.
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4.2. A priori estimates
In this section we combine energy-dissipation estimates with various elliptic estimates and estimate
the nonlinearities in order to deduce a system of a priori estimates.
4.2.1. Energy-dissipation estimates
In order to state our energy-dissipation estimates we must first introduce some notation. Recall
that for a multi-index α = (α0, α1, α2) ∈ N1+2 we write |α| = 2α0 + α1 + α2 and ∂α = ∂α0t ∂α11 ∂α22 .
For α ∈ N1+2 we set
Eα :=
∫
Ω
1
2
|∂αu|2 +
∫
Σ
(
1
2
|∂αη|2 + σ
2
|D∂αη|2) +
∫
Ω
1
2
|∂αb|2,
Dα :=
∫
Ω
1
2
|D∂αu|2 +
∫
Ω
|∇∂αb|2. (4.10)
We then define
E :=
∑
|α|≤2
Eα and D :=
∑
|α|≤2
Dα. (4.11)
We will also need to use the functional
F :=
∫
Ω
pF 2J. (4.12)
Our next result encodes the energy-dissipation inequality associated to E and D.
Lemma 4.3. Suppose that (u, b, p, η) solves (1.13). Let E and D defined in (2.1) and (2.2). Assume
that E ≤ δ, where δ ∈ (0, 1) is the universal constant given in Lemma 3.3. Let E and D be given by
(4.11) and F be given by (4.12). Then
d
dt
(E − F) +D .
√
ED, (4.13)
for all t ∈ [0, T ].
Proof. Let α ∈ N1+2 with |α| ≤ 2. We apply ∂α to (1.13) to derive an equation for (∂αu, ∂αb, ∂αη, ∂αp).
We will consider the form of this equation in different ways depending on α.
Suppose that α = (1, 0, 0), i.e. that ∂α = ∂t. Then v = ∂tu, q = ∂tp, H = ∂tb, h = ∂tη
satisfying (3.1) with F 1, ..., F 5 defined in (4.1)-(4.5). Then according to Lemma 3.1 and Lemma
4.1, we deduce
d
dt
(
∫
Ω
|∂tu|2
2
J +
∫
Ω
|∂tb|2
2
J +
∫
Σ
|∂tη|2
2
+
∫
Σ
σ
|D∂tη|2
2
) + µ
∫
Ω
|DA∂tu|2
2
J + κ
∫
Ω
|∇A∂tb|2J
=
∫
Ω
(∂tu · F 1 + ∂tpF 2 + ∂tb · F 3)J −
∫
Σ
∂tu · F 4 +
∫
Σ
(∂tη − σ∆⋆∂tη)F 5
. (‖∂tu‖0‖F 1‖0 + ‖∂tb‖0‖F 3‖0)‖J‖L∞ + ‖+ ‖∂tu‖1/2‖F 4‖−1/2
+ (‖∂tη‖1/2 + σ‖∂tη‖5/2)‖F 5‖−1/2 +
∫
Ω
∂tpF
2J
.
√
ED +
∫
Ω
∂tpF
2J.
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Since there is no time derivation on p in D, for the term involving ∂tp, we have∫
Ω
∂tpF
2J =
d
dt
∫
Ω
pF 2J −
∫
Ω
p∂t(F
2J).
Then, it follows (4.7) that
d
dt
(E (1,0,0) −F) +D(1,0,0) .
√
ED, (4.14)
where E (1,0,0) and D(1,0,0) are as defined in (4.10).
Next, we consider α ∈ N1+2 with |α| ≤ 2 and α0 = 0, i.e. no temporal derivatives. In this case,
we view (u, b, p, η) in terms of (3.8), which then means that (v,H, q, h) = (∂αu, ∂αb, ∂αp, ∂αη) satisfy
(3.14) with Φi = ∂αGi for i = 1, ..., 5, where the nonlinearities Gi are as defined in (3.9)-(3.13). we
may then apply Lemma 3.2 to see that for |α| ≤ 2 and α0 = 0 we have the identity
d
dt
Eα +Dα =
∫
Ω
(∂αu · ∂α(G1 −∇G2) + ∂αP∂αG2 + ∂αb · ∂αG3)
−
∫
Σ
∂αu · ∂αG4 +
∫
Σ
∂αη∂αG5 − σ
∫
Σ
∂αG5∆⋆∂
αη. (4.15)
When |α| = 2 and α0 = 0 we write ∂α = ∂β+ω for |β| = |ω| = 1. We then integrate by parts in the
G1, G5 terms in (4.15) to estimate
RHS of (4.15) =
∫
Ω
(−∂α+βu · ∂ω(G1 −∇G2) + ∂αp∂αG2 + ∂α+βb · ∂ωG3)
−
∫
Σ
∂αu · ∂αG4 −
∫
Σ
∂ωη∂α+βG5 + σ
∫
Σ
∂α+βG5∆⋆∂
ωη,
. ‖u‖3(‖G1‖1 + ‖G2‖2) + ‖p‖2‖G2‖2 + ‖b‖3‖G3‖1 + ‖D2u‖1/2‖D2G4‖1/2
+ ‖D3G5‖−1/2(‖Dη‖1/2 + ‖D3η‖1/2)
.
√
D(‖G1‖1 + ‖G2‖2 + ‖G3‖1 + ‖G4‖3/2 + ‖G5‖5/2).
The estimate (4.8) of Lemma 4.2 then tells us that
RHS of (4.15) .
√
ED,
and so we have the inequality
d
dt
∑
|α|=2,α0=0
Eα +
∑
|α|=2,α0=0
Dα .
√
ED. (4.16)
On the other hand, if |α| < 2 then we must have that α0 = 0, and we can directly apply Lemma
(4.2) to see that
d
dt
∑
|α|<2,α0=0
Eα +
∑
|α|<2,α0=0
Dα .
√
ED. (4.17)
Now, to deduce (4.13) we simply sum (4.14),(4.15), and (4.17).
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4.2.2. Enhanced energy estimates
From the energy-dissipative estimates of Lemma 4.3 we have controlled E and D. Our goal now is
to show that these can be used to control E and D up to some error terms which we will be able to
guarantee are small. Here we firstly focus on the estimates for the energies E .
Lemma 4.4. Let E be as defined in (2.1). Suppose that E ≤ δ, where δ ∈ (0, 1) is the universal
constant given in Lemma 3.3. Then, we obtain
E . E + E2. (4.18)
Proof. According to the definitions of E and E , in order to prove (4.18) it suffices to prove that
‖u‖22 + ‖p‖21 + ‖b‖22 + ‖∂tη‖23/2 + ‖∂2t η‖2−1/2 . E + E2. (4.19)
For estimating u and p we apply the standard Stokes estimates. Now, according to (3.8) we have
that 
−∆u+∇p = −∂tu+G1 in Ω
divv = G2 in Ω
(pI − Du)e3 = (ηI + σ∆⋆η)e3 +G4 on Σ
u = 0, on Σ−1,
(4.20)
and hence we may apply Lemma 6.3 and the estimate (4.9) of Lemma 3.4 to see that
‖u‖2 + ‖P‖1 . ‖∂tu‖0 + ‖G1‖0 + ‖G2‖1 + ‖(ηI + σ∆⋆η)e3‖1/2 + ‖G4‖1/2,
.
√
E + ‖G1‖0 + ‖G2‖1 + ‖G4‖1/2,
.
√
E + E .
(4.21)
From this we deduce that the u, p estimates in (4.19) hold.
Similarly, for estimating b, we have
−∆b = −∂tb+G3, in Ω
b = 0, on Σ
b = 0, on Σ−1.
(4.22)
It follows from Lemma 6.2 that
‖b‖2 . ‖∂tb‖0 + ‖G3‖0 .
√
E + E .
To estimate the ∂tη term in (4.19) we use the fifth equation of (3.8) in conjunction with the estimate
(4.9) of Lemma 3.4 and the usual trace estimates to see that
‖∂tη‖3/2 . ‖u3‖3/2 + ‖G5‖3/2 . ‖u‖2 + E .
√
E + E .
From this we deduce that the ∂tη estimate in (4.19) holds.
It remains to estimate the ∂2t η term in (4.19). We apply a temporal derivative to the fifth
equation of (3.8) and integrate against a function φ ∈ H 12 (Σ) to see that∫
Σ
∂2t ηφ =
∫
Σ
∂tu3φ+
∫
Σ
∂tG
5φ.
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Choose an extension Eφ ∈ H1(Ω) with Eφ|Σ = φ, Eφ|Σ−1 = φ, and ‖Eφ‖1 . ‖φ‖1/2. Then∫
Σ
∂tu3φ =
∫
Ω
∂tu · ∇xEφ+
∫
Ω
∂tG
2Eφ ≤ (‖∂tu‖0 + ‖∂tG2‖−1)‖φ‖1/2,
and Lemma 4.2 implies that
‖∂2t η‖−1/2 . ‖∂tu‖0 + ‖∂tG2‖−1 + ‖∂tG5‖−1/2 .
√
E + E .
Then, we complete estimates in (4.19).
4.2.3. Enhanced dissipate estimates.
We now show a corresponding result for the dissipation.
Lemma 4.5. Let E and D be as defined in (2.1) and (2.2). Suppose that E ≤ δ, where δ ∈ (0, 1) is
the universal constant given in Lemma 3.3. Then, we deduce
D . D + ED. (4.23)
Proof. For the dissipation estimates of u, we apply the Lemma 6.4 to (4.20) with r = 3 and
φ = −∂tu+G1, ψ = G2, f1 = u|Σ, and f2 = 0 and deduce
‖u‖3 + ‖∇p‖1 . ‖ − ∂tu+G1‖1 + ‖G2‖2 + ‖u‖5/2. (4.24)
We know that
‖u‖1 + ‖Du‖1 + ‖D2u‖1 .
√
D,
and so trace theory provides us with the estimate
‖u‖5/2 .
√
D.
We also have that ‖∂tu‖1 .
√
D, and Lemma 4.2 tells that
‖G1‖1 + ‖G2‖2 .
√
ED.
Then, we bring the above estimates into (4.24) to complete the dissipation estimates of u, that is,
‖u‖3 + ‖∇p‖1 .
√
D +
√
ED. (4.25)
For the b dissipative estimate, we directly apply the elliptic estimates to (4.22) to know
‖b‖3 . ‖∂tb‖1 + ‖G3‖1 .
√
D + ‖G3‖1 .
√
D +
√
ED. (4.26)
We now turn to the η estimates. For α ∈ N2 and |α| = 1, we apply ∂α to the fourth equation
for (3.8) to obtain
(1− σ∆⋆)∂αη = ∂αp− ∂3∂αu3 − ∂αG43. (4.27)
Then the elliptic estimates, the trace estimates and (4.25) imply that
‖Dη‖5/2 =
∑
|α|=1
‖∂αη‖5/2 .
∑
|α|=1
‖∂αp− ∂3∂αu3 − ∂αG43‖
.‖∇p‖1 + ‖u‖3 + ‖G4‖3/2 .
√
D +
√
ED.
(4.28)
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According to the zero average condition for η and by using the Poincare´ inequality, we deduce
‖η‖0 ≤ ‖Dη‖0, (4.29)
then, (4.28) and (4.29) reveal that
‖η‖7/2 . ‖η‖0 + ‖Dη‖5/2 . ‖Dη‖5/2 .
√
D +
√
ED. (4.30)
For the ∂tη estimates, we use the fifth equation of (3.8), (4.8) and (5.35) to know
‖∂tη‖5/2 . ‖u3‖5/2 + ‖G5‖5/2 . ‖u‖3 + ‖G5‖5/2 .
√
D +
√
ED, (4.31)
and
‖∂2t η‖1/2 . ‖∂tu3‖1/2 + ‖∂tG5‖1/2 . ‖∂tu‖1 + ‖∂tG5‖1/2 .
√
D +
√
ED. (4.32)
Now we complete the estimate of the pressure by obtaining a bound for ‖p‖0. To this end we
combine the estimates (4.24) and (4.30) with the Stokes estimate Lemma 6.3 with φ = −∂tu +
G1, ψ = G2, and α = (ηI − σ∆⋆η)e3 +G3e3 to bound
‖u‖3 + ‖P‖2 . ‖ − ∂tu+G1‖1 + ‖G2‖2 + ‖(ηI − σδ⋆η)e3‖3/2,
. ‖∂tu‖1 + ‖G1‖1 + ‖G2‖2 + ‖η‖7/2,
.
√
D +
√
ED.
Thus,
‖P‖2 .
√
D ++
√
ED. (4.33)
Finally, (4.23) follows from (4.25),(4.26),(4.30),(4.31),(4.32) and (4.33).
4.3. Proof of Theorem 2.1
We now combine the estimates of the previous section in order to deduce our primary a priori
estimates for solutions. It shows that under a smallness condition on the energy, the energy decays
exponentially and the dissipation integral is bounded by the initial data.
Theorem 4.6. Suppose that (u, b, p, η) solves (1.13) on the temporal interval [0,T]. Let E and D
be as defined in (2.1) and (2.2). Then there exists universal constant 0 < δ⋆ < δ, where δ ∈ (0, 1)
is the universal constant given in Lemma 3.3, such that if
sup
0≤t≤T
E(t) ≤ δ⋆,
then
sup
0≤t≤T
eλtE(t) +
∫ T
0
D(t)dt . E(0), (4.34)
for all t ∈ [0, T ], where λ > 0 is a universal constant.
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Proof. According to the definition of E¯ and D¯, Theorem 4.4 and Theorem 4.5, we find
E¯ ≤ E . E¯ , andD¯ ≤ D . D¯, (4.35)
as δ⋆ small enough.
Furthermore, substituting (4.35) into Theorem 4.3, one has
d
dt
(E − F) +D ≤ 0, (4.36)
as δ⋆ small enough. Moreover, the estimates in (4.7) tell us that |F| ≤ E3/2 ≤
√EE , hence
d
dt
E +D ≤ 0. (4.37)
On the one hand, we integrate (4.37) in time over (0, T ) to obtain that
C
∫ T
0
D(t)dt ≤ E(T ) + C
∫ T
0
D(t)dt ≤ E(0). (4.38)
On the other hand, obviously, we have the bound E ≤ D, then we obtain
d
dt
E + E ≤ 0. (4.39)
Then, by using Gronwall’s inequality we complete the proof of (4.34).
5 For the case σ = 0
5.1. Nonlinear estimates
We will employ the form (3.1) to study the temporal derivative of solutions to (1.13). That is, we
apply ∂α to (1.13) to deduce that (v, H, q, h) = (∂αu, ∂αb, ∂αp, ∂αη) satisfy (3.1) for certain terms
F i for ∂α = ∂α0t with α0 ≤ 2N . Below we record the form of these forcing terms F i, i = 1, 2, 3, 4, 5
for this particular problem, where F 1 =
∑7
l=1 F
1,l, for
F 1,1i :=
∑
0<β<α
Cα,β∂
β(∂tη¯b˜K)∂
α−β∂3ui +
∑
0<β≤α
Cα,β∂
α−β∂tη¯∂
β(b˜K)∂3ui
F 1,2i := −
∑
0<β≤α
Cα,β(∂
β(ujAjk)∂α−β∂kui + ∂βAik∂α−β∂kp)
F 1,3i :=
∑
0<β≤α
Cα,β∂
βAjl∂α−β∂l(Aim∂muj +Ajm∂mui)
F 1,4i :=
∑
0<β<α
Cα,βAjk∂k(∂βAil∂α−β∂luj + ∂βAjl∂α−β∂lui) (5.1)
F 1,5i := ∂
α∂tη¯b˜K∂3ui and F
1,6
i := Ajk∂k(∂αAil∂luj + ∂αAjl∂lui)
F 1,7i :=
∑
0<β≤α
Cα,β∂
β [(bj + B¯j)Ajk]∂α−β(∂kbi).
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F 2,1 := −
∑
0<β<α
Cα,β∂
βAij∂α−β∂jui, and F 2,2 = −∂αAij∂jui. (5.2)
F 3,1i :=
∑
0<β<α
Cα,β∂
β(∂tη¯b˜K)∂
α−β∂3bi +
∑
0<β≤α
Cα,β∂
α−β∂tη¯∂
β(b˜K)∂3bi
F 3,2i := −
∑
0<β≤α
Cα,β∂
β(ujAjk)∂α−β∂kbi
F 3,3i :=
∑
0<β≤α
Cα,β∂
βAjl∂α−β(Ajm∂mbi) (5.3)
F 3,4i := −
∑
0<β≤α
Cα,β∂
β(ujAjk)∂α−β∂kbi
F 3,5i := ∂
α∂tηb˜K∂3bi and F
3,6
i := Ajk∂αAjl∂lbi,
F 3,7i :=
∑
0<β≤α
Cα,β∂
β [(bj + B¯j)Ajk]∂α−β(∂kui).
F 4i = F
4,1
i + F
4,2
i , we have
F 4,1i := −(
∑
0<β≤α
Cα,β∂
βDη(∂α−βη − ∂α−βp),
F 4,2i :=
∑
0<β≤α
Cα,β(∂
β(NjAim)∂α−β∂muj + ∂β(NjAjm)∂α−β∂mui), (5.4)
F 5 := −
∑
0<β≤α
Cα,β∂
βDη · ∂α−βu. (5.5)
Now we present the estimates for F i (i = 1, · · · , 5) when ∂α = ∂α0t for α0 ≤ n.
Lemma 5.1. F i (i = 1, · · · , 5) be defined in (5.1)-(5.5). Let ∂α = ∂α0t with α0 ≤ n for n = 2N or
n = N + 2. Then, we have∥∥F 1∥∥2
0
+
∥∥F 2∥∥2
0
+
∥∥∂t(JF 2)∥∥20 + ∥∥F 3∥∥20 + ∥∥F 4∥∥20 + ∥∥F 5∥∥20 . E2NDn, (5.6)
and ∥∥F 2∥∥2
0
≤ E2NEn. (5.7)
Proof. Firstly, we consider the estimate for F 1. Note that each term in the sums is at least quadratic,
and each such term can be written in the form XY , where X involves fewer derivative counts than
Y . We may apply the usual Sobolev embeddings Lemmas along with the definitions of E2N and Dn
to estimate ‖X‖2L∞ . E2N and ‖Y ‖20 . Dn. Hence ‖XY ‖20 ≤ ‖X‖2L∞ ‖Y ‖20 . E2NDn. The estimates
of F 2, F 3 and (5.7) are similarly. A similar argument also employing trace estimates obtain the
estimates of F 4 and F 5. The same argument also works for ∂t(JF
2,1). To bound ∂t(JF
2,2) for
α0 = n we have to estimate
∥∥∂n+1t A∥∥20 . Dn, but this is possible due to Lemma 3.4. Then a similar
splitting into L∞ and H0 estimates shows that
∥∥∂t(JF 2,2)∥∥ . E2NDn, and then we complete the
proof of (5.6).
Now, for the case σ = 0, we first estimate the Gi terms defined in (3.9)-(3.15) at the 2N level.
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Lemma 5.2. Let G1, ..., G5 de defined in (3.9)-(3.15). There exists a θ > 0 such that,∥∥∥∇¯4N−20 G1∥∥∥2
0
+
∥∥∥∇¯4N−20 G2∥∥∥2
1
+
∥∥∥∇¯4N−20 G3∥∥∥2
0
+
∥∥∥D¯4N−20 G4∥∥∥2
1/2
. E1+θ2N ,
(5.8)
∥∥∥∇¯4N−20 G1∥∥∥2
0
+
∥∥∥∇¯4N−20 G2∥∥∥2
1
+
∥∥∥∇¯4N−20 G3∥∥∥2
0
+
∥∥∥D¯4N−20 G4∥∥∥2
1/2
+
∥∥∥D¯4N−20 G5∥∥∥2
1/2
+
∥∥∇¯4N−3∂tG1∥∥20 + ∥∥∇¯4N−3∂tG2∥∥21 + ∥∥∇¯4N−3∂tG3∥∥20
+
∥∥D¯4N−3∂tG4∥∥21/2 + ∥∥D¯4N−2∂tG5∥∥21/2 . Eθ2ND2N ,
(5.9)
and ∥∥∇4N−1G1∥∥2
0
+
∥∥∇4N−1G2∥∥2
1
+
∥∥∇4N−1G3∥∥2
0
+
∥∥D4N−1G4∥∥2
1/2
+
∥∥D4N−1G5∥∥2
1/2
. Eθ2ND2N + EN+2F2N .
(5.10)
Proof. These estimates can be proved similar as [8, Theorem 3.3].
Similarly, we can obtain the estimate of Gi terms defined in (3.9)-(3.15) at the N + 2 level as
σ = 0.
Lemma 5.3. Let G1, ..., G5 de defined in (3.9)-(3.15). There exists a θ > 0 such that,∥∥∥∇¯2(N+2)−20 G1∥∥∥2
0
+
∥∥∥∇¯2(N+2)−20 G2∥∥∥2
1
+
∥∥∥∇¯2(N+2)−20 G3∥∥∥2
0
+
∥∥∥D¯2(N+2)−20 G4∥∥∥2
1/2
. Eθ2NEN+2,
(5.11)
and ∥∥∥∇¯2(N+2)−10 G1∥∥∥2
0
+
∥∥∥∇¯2(N+2)−10 G2∥∥∥2
1
+
∥∥∥∇¯2(N+2)−10 G3∥∥∥2
0
+
∥∥∥D¯2(N+2)−1G4∥∥∥2
1/2
+
∥∥∥D¯2(N+2)−10 G5∥∥∥2
1/2
+
∥∥∥D¯2(N+2)−2∂tG5∥∥∥2
1/2
. Eθ2NDN+2,
(5.12)
5.2. Energy evolution
We define the temporal energy and dissipation, respectively, as
E¯0n :=
n∑
j=0
(
∥∥∥√J∂jt u∥∥∥2
0
+
∥∥∥√J∂jt b∥∥∥2
0
+
∥∥∥∂jt η∥∥∥2
0
) (5.13)
D¯0n :=
n∑
j=0
(
∥∥∥D∂jt u∥∥∥2
0
+
∥∥∥∇∂jt b∥∥∥2
0
). (5.14)
Then, we define the horizontal energies and dissipation, respectively, as
E¯n :=
∥∥D¯2n−10 u∥∥20 + ∥∥DD¯2n−1u∥∥20 + ∥∥D¯2n−10 b∥∥20
+
∥∥DD¯2n−1b∥∥2
0
+
∥∥D¯2n−1η∥∥2
0
+
∥∥DD¯2n−1η∥∥2
0
,
(5.15)
and
D¯n :=
∥∥D¯2n−10 D(u)∥∥20 + ∥∥DD¯2n−1D(u)∥∥20 + ∥∥D¯2n−10 ∇b∥∥20 + ∥∥DD¯2n−1∇b∥∥20 . (5.16)
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5.2.1. Energy Evolution of Temporal Derivatives
First, we present the temporal derivatives estimates at 2N level.
Lemma 5.4. There exist a θ > 0 so that
E¯02N (t) +
∫ t
0
D¯02N . E2N (0) + (E2N (t))3/2 +
∫ t
0
(E2N )θD2N . (5.17)
Proof. We apply ∂α = ∂α0t with 0 ≤ α ≤ 2N to (1.13) and set v = ∂α0t u, q = ∂α0t p, H = ∂α0t b,
h = ∂α0t η satisfying (3.1). Then, according to Lemma 3.1 and integrating in time from 0 to t, we
deduce ∫
Ω
( |∂α0t u|2
2
+
|∂α0t b|2
2
)
J +
∫
Σ
|∂α0t η|2
2
+
∫ t
0
∫
Ω
( |DA∂α0t u|2
2
+ |∇A∂α0t b|2
)
J
=
∫
Ω
( |∂α0t u(0)|2
2
+
|∂α0t b(0)|2
2
)
J +
∫
Σ
|∂α0t η(0)|2
2
+
∫ t
0
∫
Σ
(−∂α0t u · F 4 + ∂α0t ηF 5)
+
∫ t
0
∫
Ω
(∂α0t u · F 1 + ∂α0t pF 2 + ∂α0t b · F 3)J.
Next, we will estimate the right hand side terms involving F i of the above equation. For the F 1
term, according to Lemma 3.3 and Lemma 5.1, one has∫ t
0
∫
Ω
∂α0t u · F 1J .
∫ t
0
‖∂α0t u‖0 ‖J‖L∞‖F 1‖0
.
∫ t
0
√
D2N
√
E2ND2N =
∫ t
0
√
E2ND2N .
Similarly, ∫ t
0
∫
Ω∂α0t u · F 3 .
∫ t
0
√
E2ND2N , (5.18)
and ∫
Σ
(−∂α0t u · F 4 + ∂α0t ηF 5) .
∫ t
0
(‖∂α0t u‖H0(Σ)‖F 4‖0 + ‖∂α0t η‖0‖F 5‖0)
.
∫ t
0
√
D2N
√
E2ND2N =
∫ t
0
√
E2ND2N .
(5.19)
For the term ∂α0t pF
2, when α0 = 2N , there is one more time derivative on p than can be controlled
by D2N . Hence, we have to consider the cases α0 < 2N and α0 = 2N separately. In the case
α0 = 2N , we have∫ t
0
∫
Ω
∂2Nt pF
2 =−
∫ t
0
∫
Ω
∂2N−1t p∂t(JF
2) +
∫
Ω
(∂2N−1t pJF
2)(t)
−
∫
Ω
(∂2N−1t pJF
2)(0).
(5.20)
According to Lemma 5.1, one has
−
∫ t
0
∫
Ω
∂2N−1t p∂t(JF
2) .
∫ t
0
∥∥∥∂2N−1t p∥∥∥
0
∥∥∂t(JF 2)∥∥0 (5.21)
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.∫ t
0
√
D2N
√
E2ND2N =
∫ t
0
√
E2ND2N .
Then, it follows from (5.7) and Lemma 3.3 that∫
Ω
(∂2N−1t pJF
2)(t) .
∥∥∂2Nt p∥∥0 ∥∥F 2∥∥0 ‖J‖L∞ . (E2N )3/2. (5.22)
Combining the estimates (5.21) and (5.22), we obtain∫ t
0
∫
Ω
∂2Nt pF
2J . E2N (0) + (E2N )3/2 +
∫ t
0
√
E2ND2N . (5.23)
In the other case 0 ≤ α0 < 2N , by using (5.6), we directly have∫ t
0
∫
Ω
∂α0t pF
2J .
∫ t
0
‖∂α0t p‖ ‖F 2‖0 .
∫ t
0
√
D2N
√
E2ND2N =
∫ t
0
√
E2ND2N . (5.24)
Furthermore, according to Lemma 3.3 we can easily deduce∫ t
0
∫
Ω
|D∂α0t u|2
2
J .
∫ t
0
∫
Ω
|DA∂α0t u|2
2
J +
∫ t
0
√
E2ND2N , (5.25)
and ∫ t
0
∫
Ω
|∇∂α0t b|2J .
∫ t
0
∫
Ω
|∇A∂α0t b|2J +
∫ t
0
√
E2ND2N . (5.26)
Therefore, we complete the proof of Lemma 5.4.
Now, we present the corresponding estimates at the N + 2 level.
Lemma 5.5. In the case 0 ≤ α0 ≤ N + 2, we have
∂t(E¯0N+2 − 2
∫
Ω
∂N+1t pF
2J) + D¯0N+2 .
√
E2NDN+2. (5.27)
Proof. The proof of Lemma 5.5 is similar to Lemma 5.4. Here, for brevity, we omit the proof.
5.2.2. Energy Evolution of Horizontal derivatives
In this subsection, we will show how the horizontal energies evolve at the 2N and N + 2 level,
respectively.
Lemma 5.6. Let α ∈ N1+2, 0 ≤ α0 ≤ 2N − 1 and |α| ≤ 4N . Then, there exist a θ > 0 so that
E¯2N (t) +
∫ t
0
D¯2N . E2N (0) +
∫ t
0
(E2N )θD2N +
∫ t
0
√
D2NF2NEN+2. (5.28)
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Proof. We apply ∂α(α ∈ N1+2,0 ≤ α0 ≤ 2N − 1 and |α| ≤ 4N) to (3.8) and set v = ∂α0t u, q = ∂α0t p,
H = ∂α0t b, h = ∂
α0
t η satisfying (3.14) with Φ
i = ∂αGi (i = 1, · · · 5). Then, according to Lemma 3.2
and integrating in time from 0 to t, we obtain
∂t
∫
Ω
( |∂αu|2
2
+
|∂αη|2
2
+
|∂αb|2
2
)
+
∫
Ω
( |D∂αu|2
2
+ |∇∂αb|2
)
=
∫
Ω
∂αu · (∂αG1 −∇∂αG2) +
∫
Ω
∂αp∂αG2 +
∫
Ω
∂αb · ∂αG3
+
∫
Σ
(−∂αu · ∂αG4 + ∂αη · ∂αG5).
(5.29)
We first consider the case 0 ≤ α0 ≤ 2N − 1, |α| ≤ 4N − 1. According to (5.8), one has∫
Ω
∂αu · (∂αG1 −∇∂αG2) +
∫
Ω
∂αp∂αG2 +
∫
Ω
∂αb · ∂αG3
. ‖∂αu‖0(‖∂αG1‖0 + ‖∂αG2‖1) + ‖∂αb‖0‖∂αG3‖0 + ‖∂αp‖0‖∂αG2‖0 (5.30)
.
√
D2N
√
Eθ2ND2N + EN+2F2N . Eθ/22N D2N +
√
D2NF2NEN+2.
It follows from the trace estimate ‖∂αu‖H0(Σ) . ‖∂αu‖1 .
√D2N that∫
Σ
(−∂αu · ∂αG4 + ∂αη · ∂αG5) . ‖∂αu‖H0(Σ)‖∂αG4‖0 + ‖∂αη‖0‖∂αG5‖0
.
√
D2N
√
Eθ2ND2N + EN+2F2N . Eθ/22N D2N +
√
D2NF2NEN+2. (5.31)
For the other case |α| = 4N , since α0 ≤ 2N − 1, we can write α = β + (α − β), where η ∈ N2
satisfies |β| = 1. Hence, ∂α involves at least one spatial derivative. Since |α− β| = 4N − 1, we can
integrate by parts and using (5.8) to find that∣∣∣∣∫
Ω
∂αu · (∂αG1 −∇∂αG2) +
∫
Ω
∂αb · ∂αG3
∣∣∣∣+ ∣∣∣∣∫
Ω
∂αp∂αG2
∣∣∣∣
.
∣∣∣∣∫
Ω
∂α+βu · ∂α−βG1 + ∂α+βb · ∂α−βG3 − ∂α+βu · ∇∂α−βG2
∣∣∣∣+ ∣∣∣∣∫
Ω
∂αp∂α−β+βG2
∣∣∣∣ (5.32)
.
∥∥∥∂α+βu∥∥∥
0
(∥∥∥∂α−βG1∥∥∥
0
+
∥∥∥∂α−βG2∥∥∥
1
)
+
∥∥∥∂α+βb∥∥∥
0
∥∥∥∂α−βG3∥∥∥
0
+ ‖∂αp‖0
∥∥∇¯4N−1G2∥∥
1
. Eθ/22N D2N +
√
D2NF2NEN+2.
Integrating by parts and using the trace theorem to find that∫
Σ
∂αu∂αG4 =
∣∣∣∣∫
Σ
∂α+βu∂α−βG4
∣∣∣∣ . ∥∥∥∂α+βu∥∥∥H−1/2
∥∥∥∂α−βG4∥∥∥
1/2
.‖∂αu‖H1/2(Σ)‖D¯4N−1G4‖1/2 . ‖∂αu‖1‖D¯4N−1G4‖1/2
.Eθ/22N D2N +
√
D2NF2NEN+2.
(5.33)
For the term involves η, we need to apart it into two cases α0 ≥ 1 and α0 = 0. In the former
case, there is at least one temporal derivative in ∂α. Thus, we have
‖∂αη‖1/2 . ‖∂α−2∂tη‖1/2 .
√
D2N .
23
Then, integrating by parts, one has∫
Σ
∂αη∂αG5 .
∣∣∣∣∫
Σ
∂α+βη∂α−βG5
∣∣∣∣ . ∥∥∥∂α+βη∥∥∥−1/2
∥∥∥∂α−βG5∥∥∥
1/2
.‖∂αη‖1/2‖∂α−βG5‖1/2 . Eθ/22N D2N +
√
D2NF2NEN+2.
(5.34)
In the other case α0 = 0, ∂
α involves only spatial derivatives, We need to analyze in detail.
Firstly, we denote
−∂αG5 = ∂α(Dη · u) =D∂α · u+
∑
0<β≤α,|β|=1
Cα,βD∂
α−βη · ∂βu
+
∑
0<β≤α,|β|≥2
Cα,βD∂
α−βη · ∂βu
=I1 + I2 + I3.
By integrating by parts, one has∣∣∣∣∫
Σ
∂αηI1
∣∣∣∣ =12
∣∣∣∣∫
Σ
D|∂αη|2 · u
∣∣∣∣ = 12
∣∣∣∣∫
Σ
∂αη∂αη(∂1u1 + ∂2u2)
∣∣∣∣
. ‖∂αη‖1/2 ‖∂αη‖−1/2 ‖∂1u1 + ∂2u2‖L∞
.‖η‖4N+1/2‖Dη‖4N−3/2EN+2
.
√
D2NF2NEN+2.
Similarly, for the estimate of I2, we have∣∣∣∣∫
Σ
∂αηI2
∣∣∣∣ .√D2NF2NEN+2.
Finally, for I3, we find that∣∣∣∣∫
Σ
∂αηI3
∣∣∣∣ . ‖∂αη‖−1/2‖D∂α−βη · ∂βu‖H1/2(Σ) .√D2N√E2ND2N =√E2ND2N .
Thus, we deduce ∣∣∣∣∫
Σ
∂αη∂αG5
∣∣∣∣ .√E2ND2N +√D2NF2NEN+2. (5.35)
Bring the estimates (5.30)-(5.35) into (5.29), we conclude
∂t
∫
Ω
( |∂αu|2
2
+
|∂αη|2
2
+
|∂αb|2
2
)
+
∫
Ω
( |D∂αu|2
2
+ |∇∂αb|2
)
. (E2N )θ/2D2N +
√
D2NF2NEN+2,
(5.36)
and then (5.28) follows from (5.36).
Similar to the estimates in Lemma 5.6, by using (5.10), we can obtain the horizontal energies
estimates corresponding estimate at the N + 2 level, namely,
Lemma 5.7. Let α ∈ N1+2 satisfy α0 ≤ N + 1 and |α| ≤ 2(N + 2). Then,
∂t(‖∂αu‖20 + ‖∂αb‖20 + ‖∂αη‖20) + ‖D∂αu‖20 + ‖∇∂αb‖20 . (E2N )θ/2DN+2. (5.37)
Furthermore, we deduce
∂tE¯N+2 + D¯N+2 . (E2N )θ/2DN+2. (5.38)
24
Decay rates for the viscous incompressible MHD with and without surface tension
5.2.3. Energy improvement
In this subsection, we will show that, up to some error terms, the total energy En can be controlled
by E¯n + E¯0n and the total dissipation D2N can be bounded by D¯n + D¯0n, respectively.
Lemma 5.8. There exists a θ > 0 so that
E2N . E¯2N + E¯02N + (E2N )θ+1, (5.39)
and
EN+2 . E¯N+2 + E¯0N+2 + (E2N )θEN+2. (5.40)
Proof. We let n denote either 2N or N + 2 throughout the proof, and we define
Wn =
n−1∑
j=0
(∥∥∥∂jtG1∥∥∥2
2n−2j−2
+
∥∥∥∂jtG2∥∥∥2
2n−2j−1
+
∥∥∥∂jtG3∥∥∥2
2n−2j−2
+
∥∥∥∂jtG4∥∥∥2
2n−2j−3/2
)
According to the definitions of E¯0n and E¯n, we know
‖∂nt u‖20 + ‖∂nt b‖20 +
n∑
j=0
∥∥∥∂jt η∥∥∥2
2n−2j
. E¯0n + E¯n. (5.41)
To control u and P , we will apply the standard Stokes estimates. According to (3.8) we have the
form 
−∆u+∇p = −∂tu+G1, in Ω
divu = G2, in Ω
(pI − Du)e3 = ηe3 +G4, on Σ
u = 0 on Σ−1.
(5.42)
Then we apply ∂jt (j = 0, 1, · · · , n− 1) to (5.42) and we use Lemma 6.3 to find that∥∥∥∂jt u∥∥∥2
2n−2j
+
∥∥∥∂jt p∥∥∥2
2n−2j−1
.
∥∥∥∂j+1t u∥∥∥2
2n−2j−2
+
∥∥∥∂jtG1∥∥∥2
2n−2j−2
+
∥∥∥∂jtG2∥∥∥2
2n−2j−1
+
∥∥∥∂jt η∥∥∥2
2n−2j−3/2
+
∥∥∥∂jtG4∥∥∥2
2n−2j−3/2
.
∥∥∥∂j+1t u∥∥∥2
2n−2(j+1)
+ E¯n + E¯0n +Wn.
(5.43)
To control b, we will apply the standard elliptic estimate, and according to (3.8) b satisfies{
−∆b = ∂tb+G3, in Ω
b = 0, on Σ ∪ Σ−1.
(5.44)
Then, applying ∂jt to (5.44) and using Lemma 6.2, one has∥∥∥∂jt b∥∥∥2
2n−2j
.
∥∥∥∂j+1t b∥∥∥2
2n−2j−2
+
∥∥∥∂jtG3∥∥∥2
2n−2j−2
.
∥∥∥∂j+1t b∥∥∥2
2n−2(j+1)
+Wn.
(5.45)
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Combining (5.43) and (5.45), we use the estimates obtained in (5.8) and (5.11) to obtain∥∥∥∂jt u∥∥∥2
2n−2j
+
∥∥∥∂jt p∥∥∥2
2n−2j−1
+
∥∥∥∂jt b∥∥∥2
2n−2j
.
∥∥∥∂j+1t u∥∥∥2
2n−2(j+1)
+
∥∥∥∂j+1t b∥∥∥2
2n−2(j+1)
+ E¯n + E¯0n +Wn.
(5.46)
After a simple induction on (5.46), we yield that
n−1∑
j=0
(∥∥∥∂jt u∥∥∥2
2n−2j
+
∥∥∥∂jt p∥∥∥2
2n−2j
+
∥∥∥∂jt b∥∥∥2
2n−2j
)
. E¯n + E¯0n +Wn + ‖∂nt u‖20 + ‖∂nt b‖20
. E¯n + E¯0n +Wn.
(5.47)
Thus, it follows from (5.41) and (5.47) that
En . E¯n + E¯0n +Wn.
Finally, for n = 2N , we employ (5.8) to bound W2N . E1+θ2N . Thus, the estimate and (5.47) imply
(5.39). Similarly, for n = N+2, we employ (5.11) to boundWN+2 . Eθ2NEN+2. Hence, the estimate
and (5.47) imply (5.40).
5.2.4. Dissipation improvement
Lemma 5.9. There exists a θ > 0, so that
D2N . D¯2N + D¯02N + F2NEN+2 + Eθ2ND2N , (5.48)
and
DN+2 . D¯N+2 + D¯0N+2 + Eθ2NDN+2. (5.49)
Proof. Let n denote 2N or N + 2, and define
Yn =
∥∥∇¯2n−10 G1∥∥20 + ∥∥∇¯2n−10 G2∥∥21 + ∥∥∇¯2n−10 G3∥∥20
+
∥∥D2n−1G4∥∥2
1/2
+
∥∥D2n−1G5∥∥2
1/2
+
∥∥D¯2n−20 ∂tG5∥∥21/2 .
Firstly, by the definitions of D¯0n, D¯n and Korn’s inequality, we deduce
‖D¯2n−10 u‖20 + ‖DD¯2n−1u‖21 . D¯n,
and
n∑
j=0
∥∥∥∂jt u∥∥∥2
1
. D¯0n. (5.50)
Summing up the the above inequalities, one has
‖D¯2n0 u‖21 . D¯n + D¯0n. (5.51)
26
Decay rates for the viscous incompressible MHD with and without surface tension
Now, we show the estimates of p and u. Since we have not an estimate of η in terms of dissipation, we
can not use the boundary condition on Σ as in (5.42). Fortunately, we can obtain higher regularity
estimates of u on Σ, then we have the form
−∆u+∇p = −∂tu+G1, in Ω
divu = G2, in Ω
u = u, on Σ ∪ Σ−1.
(5.52)
We apply ∂jt (j = 0, 1, · · · , n− 1) to (5.52) and employ Lemma 6.3 to deduce∥∥∥∂jt u∥∥∥22n−2j+1 + ∥∥∥∇∂jt p∥∥∥2
2n−2j−1
.
∥∥∥∂j+1t u∥∥∥2
2n−2j−1
+
∥∥∥∂jtG1∥∥∥2
2n−2j−1
+
∥∥∥∂jtG2∥∥∥2
2n−2j
+
∥∥∥∂jt u∥∥∥2
H2n−2j+1/2(Σ)
.
∥∥∥∂j+1t u∥∥∥2
2n−2j−1
+
∥∥∥∂jt u∥∥∥2
H2n−2j+1/2(Σ)
+ Yn + D¯n + D¯0n.
(5.53)
Since Σ and Σ−1 are flat, by the definition of Sobolev norm on T
2 and the trace theorem, for
j = 0, 1, · · · , n − 1, we have∥∥∥∂jt u∥∥∥2
H2n−2j+1/2(Σ)
. ‖∂jt u‖2H1/2(Σ) + ‖D2n−2j∂jt u‖2H1/2(Σ)
. ‖∂jt u‖21 + ‖D2n−2j∂jt u‖1
. D¯n + D¯0n,
(5.54)
where we have used the result obtained in (5.51). Hence, we deduce∥∥∥∂jt u∥∥∥2
2n−2j+1
+
∥∥∥∇∂jt p∥∥∥2
2n−2j−1
.
∥∥∥∂j+1t u∥∥∥2
2n−2j−1
+ Yn + D¯n + D¯0n. (5.55)
For the total dissipative estimate of b, similar in Lemma 5.8, using the standard elliptic estimates
to (5.44), we obtain ∥∥∥∂jt b∥∥∥2
2n−2j+1
.
∥∥∥∂j+1t b∥∥∥2
2n−2j−1
+
∥∥∥∂jtG3∥∥∥2
2n−2j−1
.
∥∥∥∂j+1t b∥∥∥2
2n−2j−1
+ Yn.
(5.56)
Combining the estimates in (5.54) and (5.56), one has, for j = 0, 1, · · · , n− 1,∥∥∥∂jt u∥∥∥22n−2j+1 + ∥∥∥∇∂jt p∥∥∥2
2n−2j−1
+
∥∥∥∂jt b∥∥∥2
2n−2j+1
.
∥∥∥∂j+1t u∥∥∥2
2n−2j−1
+
∥∥∥∂j+1t b∥∥∥2
2n−2j−1
+ Yn + D¯n + D¯0n.
(5.57)
After a simple induction on (5.57), the definitions of D¯n and D¯0n, one has
n∑
j=0
∥∥∥∂jtu∥∥∥2
2n−2j+1
+
n−1∑
j=0
∥∥∥∂jt p∥∥∥2
2n−2j
+
n∑
j=0
∥∥∥∂jt b∥∥∥2
2n−2j+1
. Yn + D¯n + D¯0n, (5.58)
where for j = n, we have used the result in (5.50).
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Note that the dissipation estimates in D¯n and D¯0n only contains u and b, then we have to recover
certain dissipation estimates of η. We may derive some estimates of ∂jt η for j = 0, 1, · · · , n + 1 on
Σ by employing the boundary conditions of (3.8):
η = p− 2∂3u3 −G4, (5.59)
and
∂tη = u3 +G
5, (5.60)
For j = 0, we use the boundary condition (5.59). Note that we do not have any bound on p on
the boundary Σ, but we have bounded ∇p in Ω. Thus, we differentiate (5.59) and employ (5.58) to
find that
‖Dη‖22n−3/2 . ‖Dp‖2H2n−3/2(Σ) + ‖D∂3u3‖2H2n−3/2(Σ) + ‖DG4‖2H2n−3/2(Σ)
. ‖∇p‖22n−1 + ‖u3‖22n+1 + ‖G4‖22n−1/2
. Yn + D¯n + D¯0n.
Thanks to the critical zero average condition∫
T 2
η = 0,
allow us to use Poincare´ inequality on Σ to know
‖η‖22n−1/2 . ‖η‖20 + ‖Dη‖22n−3/2 . ‖Dη‖22n−3/2 . Yn + D¯n + D¯0n. (5.61)
For j = 1, we use (5.60), the definition of Yn and (5.58) to see
‖∂tη‖22n−1/2 . ‖u3‖2H2n−1/2(Σ) +
∥∥G5∥∥2
H2n−1/2(Σ)
. ‖u3‖22n +
∥∥G5∥∥2
2n−1/2
. Yn + D¯n + D¯0n.
(5.62)
Finally, for j = 2, ..., n + 1 we apply ∂j−1t to (5.60) and use trace estimate to see that∥∥∥∂jt η∥∥∥2
2n−2j+5/2
.
∥∥∥∂j−1t u3∥∥∥2
H2n−2j+5/2(Σ)
+
∥∥∥∂j−1t G5∥∥∥2
H2n−2j+5/2(Σ)
.
∥∥∥∂j−1t u3∥∥∥2
2n−2(j−1)+1
+
∥∥∥∂j−1t G5∥∥∥2
2n−2(j−1)+1/2
. Yn + D¯n + D¯0.
(5.63)
Summing (5.61), (5.62) and (5.63), we complete the estimate for η, namely,
‖η‖22n−1/2 + ‖∂tη‖22n−1/2 +
n+1∑
j=2
∥∥∥∂jt η∥∥∥2
2n−2j+5/2
. Yn + D¯n + D¯0n. (5.64)
It follows from (5.58) and (5.64) that, for n = 2N or n = N + 2, we have
Dn . D¯n + D¯0n + Yn. (5.65)
Setting n = 2N in (5.65) and using the estimates (5.9)-(5.10) in Lemma 5.2 to estimate Y2N .
(E2N )θD2N + EN+2F2N . On the other hand, we set n = N + 2 and apply the estimate (5.12) in
Lemma 5.3 to bound YN+2 . (E2N )θDN+2.
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5.3. Global Energy Estimates
We first need to control F2N . This is achieved by the following proposition.
Proposition 5.1. There exists a universal constant 0 < δ < 1 so that if G2N (T ) ≤ δ, then
sup
0≤r≤t
F2N (r) . F2N (0) + t
∫ t
0
D2N , for all 0 ≤ t ≤ T. (5.66)
Proof. Based on the transport estimate on the kinematic boundary condition, we may show as in
Lemma 7.1 of [21] that
sup
0≤r≤t
F2N (r) . exp(C
∫ t
0
√
EN+2(r)dr)
×
[
F2N (0) + t
∫ t
0
(1 + E2N (r))D2N (r)dr +
(∫ t
0
√
EN+2(r)F2N (r)
)2]
.
(5.67)
According to G2N ≤ δ, we know∫ t
0
√
EN+2(r)dr .
√
δ
∫ t
0
1
(1 + r)2N−4
dr .
√
δ. (5.68)
Since δ ≤ 1, this implies that for any constant C > 0,
exp
(
C
∫ t
0
√
EN+2(r)dr
)
. 1. (5.69)
Then by (5.68) and (5.69), we deduce from (5.67) that
sup
0≤r≤t
F2N (r) .F2N (0) + t
∫ t
0
D2N (r)dr + sup
0≤r≤t
F2N (r)
(∫ t
0
√
EN+2(r)dr
)2
.F2N (0) + t
∫ t
0
D2N (r)dr + δ sup
0≤r≤t
F2N (r).
(5.70)
By taking δ small enough, (5.66) follows.
This bound on F2N allows us to estimate the integral of EN+2F2N and
√D2NEN+2F2N as in
Corollary 7.3 of [21].
Corollary 5.10. There exists 0 < δ < 1 so that if G2N (T ) ≤ δ, then∫ t
0
EN+2F2N . δF2N (0) + δ
∫ t
0
D2N (r)dr, (5.71)
and ∫ t
0
√
D2NEN+2F2N . F2N (0) +
√
δ
∫ t
0
D2N (r)dr, (5.72)
for all 0 ≤ t ≤ T .
Now we show the boundness of the high-order terms.
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Proposition 5.2. There exists 0 < δ < 1 so that if G2N (T ) ≤ δ, then
sup
0≤r≤t
E2N (r) +
∫ t
0
D2N + sup
0≤r≤t
F2N (r)
(1 + r)
. E2N (0) + F2N (0), for all 0 ≤ t ≤ T. (5.73)
Proof. Fix 0 ≤ t ≤ T . We sum up the results of Lemma 5.4 and Lemma 5.6 to know
E¯02N (t) + E¯2N (t) +
∫ t
0
(D¯02N + D¯2N )
≤ C1E2N (0) + C1(E2N (t))3/2 + C1
∫ t
0
(Eθ2ND2N +
√
D2NEN+2F2N ).
(5.74)
Then, combining with Lemma 5.8 and Lemma 5.9, we deduce
E2N (t) +
∫ t
0
D2N ≤ C2
(
E¯02N + E¯2N +
∫ t
0
(D¯02N + D¯2N )
)
+C2(E2N (t))1+θ
+ C2
∫ t
0
(Eθ2ND2N +
√
D2NEN+2F2N + EN+2F2N )
≤ C3(E2N (0) + E2N (t))1+θ + E2N (t))3/2)
+ C3
∫ t
0
(Eθ2ND2N +
√
D2NEN+2F2N + EN+2F2N ).
(5.75)
Let us assume that δ ∈ (0, 1) is as small as in Corollary 5.10, thus we conclude
sup
0≤r≤t
E2N (t) +
∫ t
0
D2N . E2N (0) + F2N (0). (5.76)
It remains to show the decay estimates of EN+2. Before that, we show that the pressure term
involving in Lemma 5.5 can be absorbed into E¯0N+2 + E¯N+2.
Lemma 5.11. Let F 2 be defined in (5.2) with ∂α = ∂N+2t , then there exists a constant δ ∈ (0, 1)
so that if G2N ≤ δ, then
1
2
(E¯0N+2 + E¯N+2) ≤E¯0N+2 + E¯N+2 − 2
∫
Ω
∂N+1t pF
2J
≤3
2
(E¯0N+2 + E¯N+2).
(5.77)
Proof. Let us assume that δ ∈ (0, 1) is as small as in Corollary 5.10. According to Theorem (??),
one has
EN+2 . E¯0N+2 + E¯N+2 + Eθ2NEN+2 ≤ C(E¯0N+2 + E¯N+2) + CδEN+2.
Hence, we deduce
EN+2 . E¯0N+2 + E¯N+2. (5.78)
Combining the estimates obtained in (3.17) and (5.7), we know that∣∣∣∣2∫
Ω
∂N+1t pF
2J
∣∣∣∣ ≤2∥∥∥∂N+1t p∥∥∥0 ‖F 2‖0‖J‖L∞
≤C
√
EN+2
√
Eθ2NEN+2
=Eθ/22N EN+2 ≤ CEθ/22N (E¯0N+2 + E¯N+2)
≤Cδθ/2(E¯0N+2 + E¯N+2).
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If δ is small enough, (5.77) follows.
Proposition 5.3. There exists 0 < δ < 1 so that if G2N (T ) ≤ δ, then
(1 + t4N−8)EN+2(t) . E2N (0) + F2N (0) for all 0 ≤ t ≤ T. (5.79)
Proof. Fix 0 ≤ t ≤ T . According to Lemma 5.5, Lemma 5.7 and Lemma (5.11), we know
∂t
(E¯0N+2(t) + E¯N+2(t))+ D¯0N+2 + D¯N+2 ≤ Eθ/22N DN+2 +√E2NDN+2. (5.80)
Let us assume that δ ∈ (0, 1) is as small as in Corollary 5.10, thus we have E2N (t) ≤ G2N (T ) ≤ δ.
Similar in (5.78), we can obtain
DN+2 . D¯0N+2 + D¯N+2. (5.81)
Thus, combining (5.78), (5.81) and (5.80) we deduce
∂tEN+2 +DN+2 . Eθ/22N DN+2 +
√
E2NDN+2 . δθ/2DN+2 +
√
δDN+2. (5.82)
Hence, if δ is small enough, we obtain
∂tEN+2 +DN+2 ≤ 0. (5.83)
On the other hand, based on the Sobolev interpolation inequality we can prove
EN+2 . DθN+2E1−θ2N , where θ =
4N − 8
4N − 7 . (5.84)
Now since we know that the boundness of high energy estimate Proposition 6.2, we get
sup
0≤r≤t
E2N (r) . E2N (0) + F2N (0) :=M0, where θ = 4N − 8
4N − 7 . (5.85)
we obtain form (5.84) that
EN+2 .M1−θDθN+2. (5.86)
Hence by (5.85) and (5.82), there exists some constant C1 > 0 such that
d
dt
EN+2 + C1Ms0
E1+sN+2 . 0, where s =
1
θ
− 1 = 1
4N − 8 , (5.87)
Solving this differential inequality directly, we obtain
EN+2(t) . M0
(Ms0 + sC1(EN+2(0))st)1/s
EN+2(0). (5.88)
Using that EN+2(0) .M0 and the fact 1/s = 4n− 8 > 1, we obtain that
EN+2(t) . M0
1 + sC1t)1/s
.
M0
1 + t)1/s
.
M0
1 + t)4N−8
. (5.89)
This implies (5.79)
Now we combine proposition to arrive at our ultimate energy estimates for G2N .
Theorem 5.12. There exists a universal 0 < δ < 1 so that if G2N (T ) ≤ δ, then
G2N (t) . E2N (0) + F2N (0) for all 0 ≤ t ≤ T. (5.90)
Proof. The conclusion follows directly from the definition of G2N and Proposition 5.1-Proposition
5.3.
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6 Appendix A. Analytic Tools
A.1 Harmonic Extension
We define the appropriate Poisson integral in T× (−∞, 0) by
Pη(x) =
∑
n∈(L−1
1
Z)×(L−1
2
Z)
e2πin·x
′
e2π|n|x3 ηˆ(n), (6.1)
where we have written
ηˆ(n) =
∫
Σ
η(x′)
e−2πin·x
′
L1L2
dx′.
It is well known that P : Hs(Σ) → Hs+1/2(T × (−∞, 0)) is a bounded linear operator for s > 0.
However, if restricted to the domain Ω, one has the following result.
Lemma 6.1. It holds that for all s ∈ R,
‖Pf‖s . |f |s−1/2. (6.2)
Proof. See [6]
A.2 Elliptic Estimates
Lemma 6.2. Suppose u ∈ Hr(Ω) solve{
− µ∆u = f ∈ Hr−2(Ω),
u|Σ∪Σ−1 = 0.
(6.3)
then for r ≥ 2, one has
‖u‖r . ‖f‖r−2. (6.4)
Proof. See [agmon].
Lemma 6.3. Suppose (u, p) solve
− µ∆u+∇p = φ ∈ Hr−2(Ω),
divu = ψ ∈ Hr−1(Ω),
(pI −D(u))e3 = α ∈ Hr−3/2(Σ), u|Σ−1 = 0.
(6.5)
Then for r ≥ 2, one has
‖u‖2Hr + ‖p‖2Hr−1 . ‖φ‖2Hr−2 + ‖ψ‖2Hr−1 + ‖α‖2Hr−3/2 .
Proof. See [6]
Lemma 6.4. Suppose r ≥ 2 and let φ ∈ Hr−2(Ω), ψ ∈ Hr−1(Ω), f1 ∈ Hr−1/2(Σ), f2 ∈
Hr−1/2(Σ−1) be given such that ∫
Ω
ψ =
∫
Σ
f1 · ν +
∫
Σ−1
f2 · ν.
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Then there exists unique u ∈ Hr(Ω), p ∈ Hr−1(Ω) solving
− µ∆u+∇p = φ in Ω
divu = ψ, in Ω
u = f1, on Σ
u = f2, on Σ−1.
(6.6)
Moreover,
‖u‖2Hr(Ω) + ‖∇p‖2Hr−2(Ω) . ‖φ‖2Hr−2(Ω) + ‖ψ‖2Hr−1(Ω) + ‖f1‖2Hr−1/2(Σ) + ‖f2‖2Hr−1/2(Σ−1).
Proof. See [17]
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